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ABSTRACT

The free vibrations of finite cylindrical shells are inveatigated.
With the aid of a number of simplifying assumptions, a frequency equa-
tion based on the known characteristic functions for beams with any
combination of boundary conditions is obtained. Experimental results
for frequency spectra and mode shapes of a cylinder fixed on one edge
and free on the other are in good agreement with both Rayleigh's inexten-
sional theory and the approximate frequency equation. Structural damping
coefficients obtained for the test cylinders are compared with those of

previous investigations.
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NOMENCLATURE

4
Parameter 120R_(1-V
Eh
hZ

Geometry parameter [
12(1 - vz; Rz

Eh
Flexural stiffness of cylinder wall ——2-)-]
12(1-v

Young's modulus of cylinder material

Frequency (cyc/sec) ( = 2‘%)

Viscous damping coefficient

Thickness of the cylinder

Length of the cylinder

Number of nodes in axial mode shape

Number of circumferential waves

Internal or external pressure

Radius of cylinder

Time

Radial deflection

Distance along the longitudinal axis of the cylinder

Angle denoting the circumferential location of a point on the
cylinder middle surface

Nondimensional axial coordinate g&

Axial wave length parameter (EFR

Density of the shell material
Circular frequency (2m{)

120 R4 (1 -vz)wzJ
Eh®

Frequency parameter [

lz+1 2%
axt  RZ 20
30
»® L Y}
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I. INTRODUCTION

The free vibration of a cylindrical shell has interested many investigators.
In 1894, Lord Rayleigh (Reference 1) derived an approximate expression for
the natural frequencies of vibration of a cylindrical shell based on a separation
of the effects of bending and stretching. A later treatment by Love (Reference
2) resulted in a general dynamical theory of shells which included both bending
and extensional deformations. Love's equations were first used by Flugge
(Reference 3) to obtain a cubic frequency equation for a simply supported cylinder,
a result which indicated that there were three frequencies for each nodal pattern.
A more detailed investigation made by Arnold and Warburton (References 4 and 5)
showed that the three frequencies corresponded to essentially radia, axial and
circumferential vibrations with the radial vibration frequency much lower than
the other two. Their analysis also showed that the natural frequency may de-
crease as the number of circumferential waves increases, in contrast with the
results of inextensional theory. Arnold and Warburton also investigated the
natural frequencies of cylinders clamped at both edges, with the use of the

Rayleigh-Ritz method.

Recent investigators have concentrated on simplifying the method of analysis
of vibrating cylindrical shells. By means of a number of approximations, Yu
(Reference 6) was able to obtain a simple expression for the radial frequencies
of a clamped or simply supported cylinder vibrating in a mode consisting of a
number of circumferential waves that is large compared to the number of axial
waves. Simplified frequency equations were also obtained by Vlasov (Reference
7), Breslavskii (Reference 8), and Reissner (Reference 9) by neglecting the cir-
cumferential and axial inertia forces of the shell. Finally, the simplifications of
Breslavskii and Yu were combined by Rapoport (Reference 10) to yield frequency

equations for a shell with various boundary conditions.

In the present paper, a method similar to Rapoport's has been used. An
experimental investigation of the frequency spectra and mode shapes of a
clamped-free cylinder was also performed. The experimental data are in good
agreement with theory. Structural damping was investigated as a secondary

part of the experimental program. Viscous damping coefficients were obtained
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for each resonance point of the supported-free cylinder and tabulated as a
function of wave shape and frequency. The results are compared with those
of previous investigations in the Appendix.

II. APPROXIMATE METHOD OF ANALYSIS

The well-known Donnell differential equation of a circular cylindrical
shell under an external radial loading p can be written as (Reference 11)
8 . Eh 3w _4
R™ 3ax
This equation can be applied to vibration problems of cylindrical shells when
we assume that the circumferential and longitudinal inertia forces are negligi-

ble. Then the external loading p can be replaced by the radial inertia force

'ph azw .
ot

J

On substituting this value into Equation (1) and nondimensionalizing the resulting

equation, we obtain

4 2
'53w+_12,_13‘".+537'v'4w=0. (2)
c Y4 at
Let us assume w to be of the form
ik g
w=|Ze kmn cos n O sin wt {3)

k

Equation (3) will satisfy Equation (2) if the coefficients an are the roots of

the following equation

4
2 2 L1 4
q ()‘kmn tn7) ¢ :2' )‘kmn
= ' (4)
()‘2 . + nz)Z

which is an eighth order equation for A asa functionoi ¢, n and . Con-
versely, we note that if any one of these roots is known, then the frequency

parameter (} is determined.
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Since the exact determination of L quite difficult, a number of
simplifying assumptions will be made to obtain approximate values. Let us
assume that n~ is large compared to )‘rzn' Then Equation (4) can be approxi-
mated by

4

2 4 8
)‘kmn = ¢ (On” -n’) (5)

For given values of n, c, and Q the right-hand side of Equation (5) is a constant.

Therefore, four approximate values of Memn 2F€ of the form

A, A, in__, -ix (6)

The remaining four values of \ implied by Equation (3) are neglected.

kmn

The deflection function w can now be written approximately as
w = (cl sin )‘mn g€ + c, cos xmn g + c3 sinh an 4

+ c, cosh Nan €) cos n B sin wt (7

4

which gives a longitudinal deflection shape similar to that of the vibrating beam.
Approximate values of an are now obtained by substituting Equation (7) into the
appropriate boundary condition equations for a vibrating beam and solving the
resulting determinant. The characteristics roots xmn obtained by the above
procedure are identical to the vibrating beam characteristic roots. A tabula-
tion of these values, for various combinations of boundary conditions, can be
found in Reference (12) and in many text books (for example, References 13

and 14). The frequency parameter (1 for a given n is now obtained by substitut-
ing the real values of the beam characteristic roots Mnn into Equation (4) and

solving directly for Q.

Although the method outlined is based on heuristic reasoning, its justifica-
tion is that the results obtained from it are in good agreement with experimental
results. As an initial check, results of the approximate frequency equation for a
cylinder with clamped ends are compared in Table 1 with experimental frequen-
cies obtained by Koval (Reference 15) and with the results of another approximate

equation obtained by Arnold and Warburton (Reference 5). In general, the results



Page 4

00€ - y/e
y- e/7
8ayour ¢ - snipey
19918 - relrajey :sanyxadoxad aapuliid
298 /04D uy painseawt .»uﬂoﬂwou.m*
¥EE? L80Z 8881 OSLI  L69T 26L1 2¥61 %622 49982 - - - M-V
GEEZ 880Z 8881 ISLI  S691 9¥Ll 8261 8922 0082 - - - xoxddy
0922 0202 0¢8I OSLI 0691 - G981 0961 - - - - dxqy 1 4
L61Z G261 L8891 68%P1 B¥ET 821 22¢1 O06FP1 2181 2¢€2 O¢flg - M-V
8222 SS61 LILT 0281 O8ET 6IE€T  99¢T T1GST TI61 €052 PeEPE - ‘xoxddy
{oc61) (ooL1) (oL¥1) (s6z1)
ot1zz (ooé61) (0891) (09¥1) szel (0921) O0SET G6ET 0591 - - - dxq €
9612 OL81 6091 9L¢1 8LIT %201 8¢6 256 9011 €S¥I 9802 - M-V
2912 L.81 9191 #8¢l1 9811 ¥e0l  6%6 ¥96 8ITT  09%1 802 - ‘xoxddy
(0091) {s¥11) (sL8)
09tz 9981 (sas1) 99¢l  (sel1) S66 006 (8¢8) 086 0121 0291 - dxg 2
6012 SI8T 2¥ST  10€T  6L01 €88 81 565 1%s ¥65 96L 0221 M-V
L212 L€81 6951 €2€1 1011  S06 6sL L19 S99 629 L8 1epl “xoxddy
(oo11) (865) (659)
0¥l 0S81 0961t OT€l {(0601) 488 ozL (L89) &2s (s¥s) ool {1} ‘dxg I
wmx
1 €1 21 1 ot 6 8 L 9 S ¥ 3 /

‘§311091] UO}INGIBMN PU® p[ouly pue

w9rewnixoxddy ,, ayi qiwm simssy ﬁduWoEmuvnxm jo uostredwo) Aouanbaa g [ 21qel



Page 5

of the present approximate theory are greater than those obtained by Arnold
and Warburton but are in about as good agreement with experimental resuits.
From Table 1 we see that the agreement between the present approximate
theory and experiment becomes better as the number of circumferential waves

increases, in accordance with the assumptions of the theory.
1II. EXPERIMENTAL INVESTIGATION

A series of tests were performed on cylinders with one end clamped and
the other free, as an additional check of the approximate method outlined in the
previous section. Since a detailed discussion of the test setup and test pro-

cedure can be found in Reference 16, only a brief outline will be given here.

The two test specimens used were made of 1020 steel with dimensions as
given in Table 1. The cylinders were formed over an 8-inch diameter mandrel
and the seam was formed by a butt weld. The cylinders were then spun to elimi-
nate eccentricities. One end of the cylinders was clamped in an aluminum plate
which contained a trough filled with cerrobend, a low melting point alloy. The
other end of the cylinder was free. The cylinder was supported by a shaft

attached to the end plate as shown in Figure 1.

An electromagnet was used to excite the specimen. The test procedure
consisted of varying the frequency of the electromagnet by means of an oscillator
until a resonant frequency was reached. The frequency was accurately measured
by an electronic counter. A microphone, which could traverse the cylinder axially
and circumferentially, measured the response of the shell. The microphone output
and the geometrical position of the microphone were recorded on an x-y plotter to
yield a graphical plot of the longitudinal and circumferential mode shape for a
given resonance frequency. A typical record is shown in Figure 2.

IV. COMPARISON OF CLAMPED-FREE CYLINDER TEST RESULTS

WITH THEORY

The numerical and experimental results of the present investigation are
given in Table 2. For the first longitudinal mode of vibration (m=1), the results
of the approximate theory and of Rayleigh's inextensional theory are compared

with the experimental results in Figures 3 and 4. Numerical results of the
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Table 2.

Node Locations, and Viscous Damping Coefficients.

Tabulation of Experimental Values of Frequency Spectra,

Mat - 1020 Steel h - 0.010 inches a/h = 400 all = 0. 448
Inextensional Experuncntal Approximate Theory
Theory Data Cl. -Free S.S. -Free
m n f{cyc/eec) (¢ ye /mec) flcyc/wuec) f{cyc/ned) My s S, Sy S, 8y
) 3 46 400 122 LY] 1.06 0 - - - -
5 *40 29 219 151 0.7y ] - - - -
1 no 304 310 296 0.7% 0 - - - -
] I6R 176 196 K7 .79 o - - - -
10 877 LLLY 6l 605 1.40 0 - - -
1] 100 T 7w 131 .19 0 - - - -
12 Ay B4 AT6 AT2 2.0% o - - - -
13 97R 997 1027 1023 - [ - . - -
2 7 R37 T2 590 . 0 0.7% - - -
L] 693 666 561 1 22 0 0 68 - - -
9 612 665 596 1.10 o 0.7 - - -
12 R55 911 90R . 0 0.40 - - -
[ 92 1071 1053 2.00 0 0 46 - -
1 (A1 1228 1213 2. 13 ] 0.51 - - -
15 1375 1399 1386 1.98 ] 0.73 - - -
16 1373 1584 1573 1.65% o 0 56 - - -
[k} 1716 17R2 1772 2 26 0 0.70 - - -
3 6 19058 2070 1850 3.00 0 0 50 0 86 - -
n 1081 1098 1021 1 46 (1] 0 14 0 RS - -
13 t219 1227 1182, 217 4] 0 35 0 76 - -
14 1344 1349 1313 V77 W] 0 39 0 8% - -
16 1640 166K 1642 1.83 o 0.48 0. 87 - -
17 1RI6 186 1R33 2.57 )] 0.45 0. 84 - -
4 6 1250 3249 3105 3 05 0 0. 135 0 66 0 RO -
7 3081 2689 2517 2 95 1] 0 2% 0.64 0.91 -
R 2208 2266 2131 197 o 0.38 0.63 0 AR -
12 1598 LB R 1160 1.70 o 0 27 0. 66 0.94 -
4 1513 1600 1543 1 63 [ 0.25 0 65 0 82
ts 1679 1700 1652 1.83 o 0.32 0.56 0 R4 -
5 6 1060 4216 4207 2. RO o 0 23 0.45 0 60 0. ko
14 9RS 1974 1710 1. 88 0 0 10 0 40 D 66 0 R9
17 2184 2220 2174 | RO 0 0 t& 0.40 0. .62 0 RY
Mot 1020 Steel h = 0 040 ynches al/h 100 all = 0. 44R
1 2 HR 320 910 96 112 0 - - - -
3 (E13 132 186 ZIR 0.900 0 - - - -
4 an 402 170 IR? 0 ano 0 - - -
i\ 860 589 639 605 0 48% 0 - - - -
13 L3R 195 892 R72 0. 13658 0 - - - -
T 1120 10R) 1201 1187 0 345 0 - - - -
8 [EEA) bit4 1565 (LY 0. 187 0 - - - -
9 V1RTO 1791 1976 1963 0 IR [+ - - .
10 2%n 221 24136 2123 0. 82 0 - - - -
2 3 tiR6 132 1167 0.965 0 0 710 - - -
6 1156 1335 116R . KR 0 o 700 - -
1 1311 116R 136 0 300 0 0 710 -
8 1582 PANR 1678 0 550 0 0 710 - -
N 2678 3057 017 | P4 0 o 220 - -
113 1762 1212 1187 - 0 0 110 - - -
(R 43150 1R65 4829 - 0 0 130 - - -
3 2 STR2 6106 6056 - [} 0 325 0.540 - -
3 4225 4719 48014 3 &5 0 0 310 0 760 B -
5 2547 ZR&0 25914 3 25 0 0 1710 0 A0 - -
6 2162 200 2178 1.22 o 0 H20 0 ROO - .
7 2007 2227 2047 1 24 (4] 0 IR0 0 7R0 -
8 20R) 22R4 2H1Y 1 00 0 0 130 0 R0 - -
9 2316 /S1R 2406 . 0 0 380 0 700 - -
10 2630 R77 2785 10t 0 0 420 0 A0 - -
12 N2 3RS 3781 | g o 02 n 720 - -
14 S014 5082 5017 - B - -
15 S3t6 8777 5711 - (1] 0 3180 0 RI0 - -
16 6001 6523 6162 1m 0 0 37% 0 790 - -
4 2 6RRY 6937 7101 3N (1} 0 225 0 R2% 0 A90 -
3 5713 911 5962 3 36 (1] 0 230 0 140 0. 790 -
4 4766 4977 4897 3.30 0 0178 0 s8&0 0 T80
6 nn 3591 I 3 2% i} - - - .
7 1033 3240 0717 Y4 n 0 22 [UNLY] 0. .83 -
R ZATH 32 2957 1.18 o o 27 0 56 0 8% -
2 2919 IR 1014 " on 0 0.29 0.5%6 0 AS -
1n 3189 421 291 1 3R (1] 0 2% 0 &t 0. 86 -
N 3498 1192 1678 1.3 [\] 0 2R 0 57 0 R?
12 3934 4261 1156 20 0 0 27 (LY 3 0. RS -
3 1129 LN 4712 t. 7 [} (L) 0.5%6 0 AS -
e 610 6RIS AT56 . i} 0.28 0.53 0.87 -
5 R 1060 02 LD 117 0 o2 0 47 0.6% 0. 8R
"n 117 [NRE] nne 11 o 0. 20 0.43 0.68 0 90
1 17 1124 1291 - 0 0.20 0.1% 0.6% 0. 688
(1 G128 T2RH ne 2 70 o 0 21 0 40 0 56 0. AR
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Figure 4. Graphical Comparison of Experimental Results with Theory
for m =1 of a Clamped-Free Shell (a/h = 100).
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approximate theory for both a simply supported-free cylinder and 4 clamped-
free cylinder are plotted. All the theoretical curves are very close to each
other for the larger values of n. It is interesting to note that the experimental
values follow the approximate curve for the clamped-free cylinder very closely
for all values of n for the cylinder with a radius thickness ratio of 400. The
experimental results for the cylinder with a radius thickness ratio of 100, on

the other hand, fall between the theoretical curves for the clamped-free cylinder
and the simply supported-free cylinder for low values of n (n £4). The reason
for this discrepancy is suspected to be imperfect clamping and is being investi-

gated further by means of additional tests and by a more accurate theory.

A comparison, in Figures 5 and 6, of the results of the approximate equa-
tion with experimental results for m 2 2 indicates good agreement. The results
also indicate that the value of n at which the minimum frequency occurs depends
upon the axial wave length. As m increases, the value of n corresponding to
the minimum frequency also increases. This phenomenon was first noted by
Arnold and Warburton for cylinders that were simply supported or clamped at
both ends.

The position of the experimentally determined axial node locations are
designated as Si in Table 2. The position of clamped-free and simply supported-
free beam node points are tabulated in Table 3. The variation of the position of
the experimental node points for different values of n is greatest at m =2 and
decreases as the number of axial waves increases. The tabulated results of the
average experimental axial node positions correspond fairly well with the beam
node positions but do not coincide exactly, a result probably due to the fact that
the beam functions are not exact solutions of the equations for the vibrations of

cylindrical shells.
V. CONCLUSIONS

Experimental and theoretical results for clamped-free and clamped-clamped
cylinders are in good agreement for larger values of n (say, n> 4). It appears
therefore, that the approximate frequency equation can be used for arbitrary
boundary conditions in this region. For n> 4 and m =1, the Rayleigh inexten-

sional theory gives reasonable results for the clamped-free cylinders. The
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Table 3. Position of Clamped-Free and Simply Supported-Free
Beam Node Points.

1 0 - - - -
2 0 0.73/0.79 - - -
3 0 0.45/0.51 0.85/0. 87 - -

4 0 0.31/0.35 0.61/0.65 0.89/0.91

5 0 0.23/0.27 0.47/0.49 0.71/0.73 0.93/0.93

Key = S.S.-Free/Cl-Free
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experiments also indicate that although the beam functions may not be the true
deflection shape, they are near enough to the true shape so that when used in
conjunction with the frequency equation they give a very close approximation
to the experimental data. Some anomalies in the agreement between theory
and experiment were obtained for modes characterized by n < 4. These are

being investigated further at the present time.
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APPENDIX
STRUCTURAL DAMPING

In addition to the frequency spectra, over-all structural damping coefficients
were experimentally obtained. These coefficients were obtained by passing the
response signal coming from the microphone through an ac-dc log converter and
recording the output on an oscilloscope camera. The output was calibrated by
a db meter and the decay curves obtained by disconnecting the electromagnet
from the circuit while the cylinder was at resonance. A typical decay curve
appears in Figure 7.

The equation of motion.of the free vibration of an elastic system (using the
same notation as given in Reference 17 can be written as:

te f +w'$ =0 (c = 2Mflg)

where

g structural damping coefficient

f'g viscous damping coefficient

amplitude of nth mode

W_  natural frequency corresponding to ’n

Tabulated values of f'g as a function of mode shape and frequency are given in
Table 2. A plot of the "viscous" damping coefficient as a function of the number
of circumferential waves is shown in Figure 8. The results indicate a large
scatter with f'g = 2 being an average value for both cylinders. It is interesting
to note that an average value of two for the viscous damping coefficient is cloze
to that found by the author in Reference 16 for a steel cylinder clamped on both
ends. Fung, Sechler and Kaplan obtained an average value of f'g = 6 for a set
of aluminum cylinderi. Figure 8 also shows that for n <8, the m=1 and m=2
modes have an average value of one for f'g and the m=4 and m =5 modes an
average value of three. The m =3 modes seem to fluctuate between one and
three. The peaking effect at a unique frequency found by the author in Reference
16 did not occur in the present investigation. It is clear that much work remains
to be done before the structural damping phenomenon is completely understood.
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